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In this study, we investigate the effect of geometrical imperfections on swelling-induced buckling pat-
terns in gel ﬁlms with a square lattice of holes. Finite element analysis is performed using the inhomo-
geneous ﬁeld theory of polymeric gels in equilibrium proposed by Hong et al. (2009). Periodic units
consisting of 2  2 and 10  10 unit cells are analyzed under a generalized plane strain assumption. Geo-
metrical imperfections are introduced using randomly oriented elliptical holes. The 2  2 unit cells show
that the resulting buckling patterns are sensitive to imperfections; three different buckling patterns are
obtained, and the most dominant one is the diamond plate pattern observed in experiments, which can-
not be described using the model without imperfections. The 10  10 unit cells reveal that random
imperfections are responsible for inducing homogeneous transformation into the diamond plate pattern.
Furthermore, domain wall formation is simulated using a 10  10 unit cell model containing two elliptic
holes.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Swelling-induced instability creates a variety of complex and
periodic wrinkle patterns in thin polymeric ﬁlms (e.g., Tanaka
et al., 1987; Guvendiren et al., 2009; Cai et al., 2011), and also
causes more complicated pattern transformation in thin polymeric
ﬁlms with periodic arrangements of holes (Zhang et al., 2008; Sing-
amaneni et al., 2009; Zhu et al., 2012). This instability and the
resulting pattern transformation are spontaneously induced by
in-plane compressive stress caused by solvent swelling of thin
polymeric ﬁlms constrained on a substrate. The resulting compli-
cated periodic patterns have wavelengths in the order of 0.1–
10 lm, and can form over large regions depending on the size of
a ﬁlm. This property has allowed researchers to create complex
patterns on nano- and microscales, switch photonic and phononic
properties, tune surface adhesion and wetting, and develop nano-
printing methods (Zhang et al., 2008; Jang et al., 2009; Yang
et al., 2010; Zhu et al., 2012).
When thin polymeric ﬁlms containing circular holes in a square
array are exposed to a solvent, a diamond plate pattern is typically
observed (Zhang et al., 2008; Singamaneni et al., 2009; Zhu et al.,
2012). The square array of circular holes buckles and transformsinto the diamond plate pattern, in which circular holes are de-
formed into elliptical slits, and neighboring slits are arranged
mutually perpendicular to each other. Experiments using
poly(dimethylsiloxane) (PDMS) ﬁlms (Zhang et al., 2008) revealed
that this pattern transformation can occur under a wide range of
conditions, including hole diameter d = 0.35–2 lm, pitch l = 0.8–
5 lm, and depth h = 4–9 lm. The slits formed in the case of
d = 1 lm, l = 2 lm and h = 9 lm are 78 nm wide and 2.3 lm long.
It should be noted that although these characteristic dimensions
are very small, pattern transformation occurs homogeneously over
the entire sample with an area of up to 1 cm2 with no random
defects.
This homogeneous transformation may be interpreted as a re-
sult of microscopic bifurcation of perfectly periodic microstruc-
tures (Geymonat et al., 1993; Ohno et al., 2002; Bertoldi et al.,
2008). However, scanning electron microscope (SEM) images
show that the initial conﬁgurations of individual holes are not
perfect circles and include obvious irregular imperfections
(Zhang et al., 2008). This implies that geometrical imperfections
do not strongly affect microscopic bifurcation and the resulting
pattern transformation. On the contrary, this observation sug-
gests the possibility that geometrical imperfections play an
important role in causing the homogeneous transformation. It
is therefore interesting and worthwhile to investigate the effect
of geometrical imperfections, and to elucidate the mechanism
underlying the homogeneous transformation into the diamond
plate pattern.
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linear elasticity theory to demonstrate that the diamond plate pat-
tern minimizes the strain energy. They assumed that each hole col-
lapses to a slit with an arbitrary orientation, and used the theory of
cracks to model the slits as a double climb pileup of edge disloca-
tions; i.e., a dislocation dipole (Hirth and Lothe, 1982). They calcu-
lated the set of individual orientations of slits that minimizes the
strain energy, correctly predicting the orientational order in the
diamond plate pattern. However, as stated by Matsumoto and
Kamien (2009), their method did not intend to capture the entire
deformation process of the collapse of the holes. The presence of
imperfections could not be considered in their analysis, so their
method cannot access the effect of geometrical imperfections on
the homogeneous transformation of gel ﬁlms.
Hong et al. (2009) developed an inhomogeneous ﬁeld theory of
polymeric gels in equilibrium, and performed a ﬁnite element anal-
ysis of the diamond plate pattern to demonstrate the wide applica-
bility of their theory. In their theory, the free energy function of
Flory and Rehner (1943) was applied to polymeric gels, and was
implemented into the ﬁnite element package Abaqus using a
user-deﬁned subroutine UHYPER. Hong et al. (2009) successfully
reproduced the diamond plate pattern using a particular unit cell
containing quarters of four neighboring holes. The initial and de-
formed conﬁgurations of the unit cell were depicted in their paper.
The present authors however found by measuring the initial
dimensions in the ﬁgure that they introduced an imperfection into
one of holes. The imperfect hole is elliptical, with its major diame-
ter in the horizontal direction, and promotes the transformation
into the diamond plate pattern. Ding et al. (2013) might have used
the same unit cell to reproduce the diamond plate pattern, but
imperfections were not mentioned in their paper. Therefore, more
general analyses including random imperfections, as well as using
larger periodic units have not been performed yet.
In the present study, the effect of geometrical imperfections on
the swelling-induced buckling patterns in thin gel ﬁlms with holes
in a square array is investigated. Finite element analysis is per-
formed using the inhomogeneous ﬁeld theory developed by Hong
et al. (2009), which is brieﬂy described in Section 2. Section 3 is de-
voted to numerical modeling. Geometrical imperfections are intro-
duced as randomly oriented elliptical holes. Periodic units
consisting of 2  2 and 10  10 unit cells are analyzed under a gen-
eralized plane strain assumption. A measure of deviation from
roundness is deﬁned to quantify the progress of pattern formation.
Section 4 presents and interprets numerical results. The buckling
patterns predicted using 2  2 and 10  10 unit cells are shown,
and the mechanism of homogeneous transformation into the dia-
mond plate pattern and the role of geometrical imperfections are
discussed. In addition, in Section 5, the domain wall formation ob-
served by Zhang et al. (2008) is taken up for simulation using a
10  10 unit cell model containing two elliptic holes as basic geo-
metrical imperfections. Finally, Section 6 summarizes the results of
this study.2. Inhomogeneous ﬁeld theory
This section brieﬂy describes the inhomogeneous ﬁeld theory of
polymeric gels in equilibrium, which was developed by Hong et al.
(2009). This theory considers that a polymer network is in contact
with a solvent and subjected to mechanical loads and geometric
constraints at a constant temperature. If the stress-free, dry net-
work is taken as the reference state, the deformation gradient of
the network is deﬁned as Fij = dxi(X)/dXj, where Xj and xi(X) are
the network coordinates of a gel system in reference and deformed
states, respectively. When C(X) is deﬁned as the concentration of
solvent molecules at a point in the gel system, the gel is in an equi-librium state characterized by the two ﬁelds xi(X) and C(X). The
free energy density of the gel, W, is assumed to be a function of
the deformation gradient, F, and the concentration of solvent in
the gel, C; i.e., W(F,C). The inhomogeneous ﬁeld theory may be ap-
plied to various free energy functions for swelling elastomers, but
in this study, the speciﬁc free energy function of Flory and Rehner
(1943) is used. This is because this form is well known to provide a
basic for the interpretation of the swelling behavior of polymeric
gels (Treloar, 1975).
The free energy function of Flory and Rehner (1943) for a poly-
meric gel consists of two terms associated with stretching and
mixing of the free energies, and is written as
W ¼ 1
2
NkTðI  3 2 log JÞ  kT
t
tC log 1þ 1
tC
 
þ v
1þ tC
 
; ð1Þ
where I ¼ FijFij and J ¼ detF are invariants of the deformation gra-
dient, N is the number of polymeric chains per reference volume,
kT is the absolute temperature in the unit of energy, t is the volume
per solvent molecule, and v is a dimensionless parameter that char-
acterizes the enthalpy of mixing. As stated above, Eq. (1) takes an
explicit form as a function of the deformation gradient, F, and the
solvent concentration, C.
Considering dxi and dC to be arbitrary variations of xi and C,
respectively, from a state of equilibrium, the virtual work principle
gives an equilibrium equation in which the change of the free en-
ergy of the gel equals the sum of the work caused by external
mechanical force and external solvent. That is,Z
V
dWdV ¼
Z
V
BidxidV þ
Z
A
TidxidAþ l
Z
V
dCdV ; ð2Þ
where V is the reference volume, and A is the reference surface. The
ﬁrst and second terms on the right hand side are the mechanical
work done by body forces and surface forces, respectively, and the
third term represents the work done by the external solvent. Here,
l is the chemical potential of the external solvent, and is equivalent
to that in the gel; that is,
l ¼ @W
@C
: ð3Þ
A Legendre transformation allows the free energy function W(F,C)
to be transformed into another form (Hong et al., 2009),
W^ ¼W  lC; ð4Þ
which is deﬁned as a function of F and l; i.e., W^ðF;lÞ. Combination
of Eqs. (2) and (4) leads toZ
V
dW^dV ¼
Z
V
BidxidV þ
Z
A
TidxidA: ð5Þ
When the gel is in a state of equilibrium, the chemical potential of
the solvent molecules in the gel is homogeneous and equals the
chemical potential of the external solvent, l. Consequently, l is re-
garded as a state variable, and the equilibrium condition (5) takes
the same form as that for a hyperelastic solid.
Assuming that the network of polymers and pure liquid solvent
are incompressible, the volume of the gel can be expressed as the
sum of the volume of the dry network and that of the swelling sol-
vent. This assumption leads to (Hong et al., 2009)
1þ tC ¼ J: ð6Þ
Using Eqs. (1), (4), and (6), the Flory–Rehner free energy function
can be rewritten as
W^ ¼ 1
2
NkTðI  3 2 log JÞ  kT
t
ðJ  1Þ log J
J  1þ
v
J
 
 l
t
ðJ  1Þ:
ð7Þ
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cit form as a function of the deformation gradient, F, and the exter-
nal chemical potential, l. Eq. (7) acts as a free energy function for a
compressible hyperelastic material because of the volumetric
change induced by solvent absorption. For example, the ﬁnite ele-
ment package Abaqus offers a user-deﬁned subroutine, UHYPER
or UMAT, to implement the constitutive behavior of Eq. (7). The
external chemical potential, l, is passed into UHYPER or UMAT
using the variable of temperature (Hong et al., 2009; Kang and
Huang, 2010). The concentration of the solvent molecules in the
gel, C, is calculated from Eq. (6) after F is solved.
It should be noted that the free energy function (7) is singular
when the network of polymers is in the dry state; i.e., tC = 0. Hong
et al. (2009) developed a user-deﬁned subroutine UHYPER and pro-
posed a method to avoid this singularity, which is described in de-
tail in their paper. In their method, a free swelling state
characterized by the homogeneous deformation gradient
F0ij ¼ k0dij, i.e., tC ¼ k30  1 > 0, is adopted as the reference state in
numerical calculations. Therefore, the stress of the reference state
is homogeneously zero, and the ﬁnite value of the chemical poten-
tial of the reference state, l0, can be calculated analytically under
these conditions. Incidentally, Kang and Huang (2010) developed
a user-deﬁned subroutine UMAT, and proposed a different method
to reproduce inhomogeneous swelling states of the reference state.
However, the difference does not inﬂuence numerical results if the
initial degree of swelling is small. Thus, the user-deﬁned subrou-
tine UHYPER and a small value of k0 > 1 are used in this study.
Incidentally, it is noted that Eq. (1) and the resulting Eq. (7) are
effective under isothermal conditions. If polymeric gels are sensi-
tive to temperature changes and undergo a volume phase transi-
tion, the inhomogeneous ﬁeld theory needs to be modiﬁed by
replacing the free energy of mixing in Eq. (1) with an extended ver-
sion (Cai and Suo, 2011; Ding et al., 2013).3. Numerical modeling
Fig. 1 shows schematic illustrations demonstrating swelling of
a gel ﬁlm with a square lattice of holes. The gel ﬁlm is con-Fig. 1. Schematic diagrams showing swelling of gel ﬁlms with a square lattice of
holes constrained on a substrate.strained on a substrate. When the gel ﬁlm is exposed to a sol-
vent, the volume of the gel ﬁlm increases because of swelling
but the in-plane deformation is constrained. This constraint gen-
erates in-plane compressive stress, which acts as a driving force
to induce buckling and pattern transformation. As describe
above, Zhang et al. (2008) observed the diamond plate pattern
in PDMS ﬁlms under a wide range of conditions; hole diameter
d = 0.35–2 lm, pitch l = 0.8–5 lm, and depth h = 4–9 lm. They
reported that this transformation also occurs in the case of high
aspect ratios of h/d = 2–18 and l/d < 6. Thus, the problem to be
solved is 3-dimensional in reality (Singamaneni et al., 2009),
but can be analyzed as a 2-dimensional problem using general-
ized plane-strain elements (Hong et al., 2009). In this study,
the generalized plane-strain element CPEG8RH is used in the
Abaqus analysis. The dimensions of the gel ﬁlm are reduced to
d and l, and d = 0.75 lm and l = 1.5 lm are taken as representa-
tive values.
As shown in Fig. 1, the unit cell can be deﬁned as a region
with one hole. However, the periodic unit including 2  2 unit
cells is needed to capture the diamond plate pattern, in which
each hole is deformed into an elliptical slit and neighboring slits
are arranged mutually perpendicular to each other. If mirror
symmetry is maintained in the periodic unit of 2  2 unit cells,
the periodic unit can be reduced to the particular unit cell
including quarters of four neighboring holes (Hong et al., 2009;
Ding et al., 2013). However, according to SEM images of the cor-
responding experiments (Zhang et al., 2008), individual holes are
not perfect circles initially and include obvious irregular imper-
fections. When the effect of geometrical imperfections is investi-
gated, periodic units cannot be strictly deﬁned. Consequently,
use of 2  2 unit cells may be inaccurate and prevent us from
understanding the mechanics of the homogeneous transforma-
tion into the diamond plate pattern. Therefore, we analyze both
10  10 and 2  2 unit cells as periodic units (Figs. 2 and 3).
Incidentally, even if geometrical imperfections are not present,
larger periodic units must be analyzed to describe the dominant
bifurcation mode of periodic materials (e.g., Ohno et al., 2004;
Erami et al., 2006; Okumura et al., 2008; Takahashi et al., 2010).
The periodic units analyzed in this study and their ﬁnite ele-
ment meshes are presented in Figs. 2 and 3. The numbers of
nodes and elements are 2109 and 640, respectively, for 2  2
unit cells (Fig. 2), and are 51,421 and 16,000, respectively, for
10  10 unit cells (Fig. 3). Geometrical imperfections are intro-
duced by considering each hole as a randomly oriented elliptical
hole. Elliptical holes are deﬁned using two parameters, a and h.
The parameter a is used to represent the magnitude of imperfec-
tion, so that the major and minor diameters of an elliptical hole
are expressed as dL ¼ dð1þ aÞ and dS ¼ dð1 aÞ, respectively. If
a = 0, the hole is a perfect circle. The other parameter, h, repre-
sents the angle between the major diameter and x1 axis. Fig. 2a
shows three basic models of 2  2 unit cells, which are called
Models m1, m2 and m3, respectively. Model m1 (the perfect
model) does not contain any imperfections and thus consists of
four perfect circles, while Models m2 and m3 each include one
elliptical hole characterized by a = 0.01 and h ¼ 0 or 45, respec-
tively. Fig. 2b depicts Random models r1–r10, which consist of
2  2 unit cells. The angles h11; h12; h21 and h22 are assigned to
individual holes, and are determined using the random numbers
listed in Table 1. For simplicity, a is ﬁxed at 0.01 for all models
in this study. SEM images (Zhang et al., 2008) imply that
a = 0.01–0.05 is a realistic range. Fig. 3 shows Random models
R1–R10, which consist of 10  10 unit cells. Here, hij (i = 1–10,
j = 1–10) are also determined using random numbers; the sets
of hij are not listed to avoid redundancy.
Periodic boundary conditions are imposed on the boundary of
each periodic unit, and are expressed as (Bertoldi et al., 2008)
Fig. 2. Initial conﬁguration and ﬁnite element meshes; (a) Models m1–m3 and (b)
Random models r1–r10 (2  2 unit cells).
Fig. 3. Initial conﬁguration and ﬁnite element meshes for Random models R1–R10
(10  10 unit cells).
Table 1
Sets of angles () for Random models r1–r10 (2  2 unit cells).
Model h 11 h 12 h 21 h 22
r1 221 254 358 330
r2 67 341 304 351
r3 106 267 209 27
r4 285 261 264 168
r5 358 261 112 3
r6 252 300 303 313
r7 84 40 262 254
r8 201 271 135 268
r9 137 169 346 85
r10 18 283 193 21
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 
¼ Hij XðþÞj  XðÞj
 
; ð8Þwhere uðþÞi and u
ðÞ
i are the displacements at a point X
ðþÞ
j on the peri-
odic unit boundary and at the opposite point XðÞj , respectively, andthe displacement is deﬁned as ui ¼ xi  Xi. In Eq. (8), Fij and dij de-
note the macroscopic deformation gradient and Kronecker delta,
respectively, and thus Hij denotes the macroscopic displacement
gradient. The conditions H11 ¼ H22 ¼ 0 and Hij ¼ 0 ði–jÞ are used
to give the constraint induced by the substrate. The out-of-plane
component H33 is determined using the generalized plane strain
condition, i.e., using S33 = 0, where Sij denotes the macroscopic ﬁrst
Piola–Kirchhoff stress. Unknown components of Hij and Sij are
solved as a function of the external chemical potential l, which is
considered as a loading parameter. The sum of the in-plane nominal
stress components, S11 þ S22, and the nominal strain component,
H33, will be used to show macroscopic stress–strain relationships
in the next section. The relationship of S11 þ S22 with H33 is similar
to that of the mean stress with the volumetric strain because
S33 = H11 ¼ H22 ¼ 0.
Representative values of material parameters for polymeric gels
are in the range of NkT = 102–10 MPa, Nt = 104–101, v = 0–1.2,
and kT = 4  1021 J at room temperature (Hong et al., 2009; Kang
and Huang, 2010). The representative values 3NkT = 2 MPa,
Nt = 103 and v = 0.1 are used in this study. Here, 3NkT means
the initial Young’s modulus for the dry network of polymers, which
was determined based on an experiment using PDMS (Roca-Cus-
achs et al., 2005; Zhang et al., 2006). To use a free swelling state
as the reference state in numerical calculations, k0 ¼ 1:01 > 1 is ta-
ken as a small value, resulting in l0 = 2.4616kT (see Section 2).
The swelling process is simulated by incrementally increasing l
from l0 to 0. Automatic time incrementation is used in the Abaqus
analysis.
To quantify the progress of pattern formation in a deformed
state, a measure of deviation from roundness is deﬁned for individ-
ual holes. This scalar value is zero when the hole is a perfect circle,
and increases as the hole deviates from a perfect circle. The devia-
tion from roundness is estimated using the deﬁnition
D ¼min
x02x
ðrmaxðx0Þ  rminðx0ÞÞ: ð9Þ
Here, rmax and rmin are the radii of circumscribed and inscribed cir-
cles of the hole, respectively. Point x0 is the center that minimizes
the value of rmaxrmin. To ﬁnd the point x0, trial calculations are
performed at individual points on a square lattice with a 1-nm
pitch. Thus, an elliptical hole with diameter d and imperfection
magnitude a has D = ad in the initial undeformed state. Finally, D
is calculated as the average D of all holes in a periodic unit, and is
used to interpret numerical results in the next section. When the
pattern transformation starts, this value is expected to increase
considerably.4. Results and discussion
4.1. Results for basic models (2  2 unit cells)
Fig. 4 shows the macroscopic stress–strain relationships for
Models m1, m2 and m3. Here, the macroscopic nominal stresses
Fig. 4. Macroscopic stress–strain relationships for Models m1–m3 (2  2 unit cells).
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maximum stress point and an unstable point, respectively. The
unstable point, at which the iterative calculations to the next incre-
ment cannot be completed in the Abaqus analysis, appears imme-
diately after the maximum stress point in this graph. The value of
the external chemical potential at the unstable point is also shown
in Fig. 4. This graph shows that swelling due to solvent absorption
causes the in-plane compressive stresses and out-of-plane tensile
strain to increase. These three models show no difference during
the early stage, but their maximum stress and unstable points dif-
fer substantially.
To discuss the behavior around the maximum stress and unsta-
ble points of Models m1–m3, Fig. 5 plots macroscopic stress as a
function of the deviation from roundness. Here, D/d denotes the
average D for all holes normalized by the representative diameter
d. The deviation from roundness increases dramatically when the
maximum stress is reached. This implies that the maximum stress
appears as a consequence of a type of swelling-induced instability.
The stress level hardly changes as D/d increases. As will be de-
scribed below, this instability is caused by buckling of the square
array of holes, leading to pattern transformation.
Fig. 6 shows the deformed conﬁgurations of Models m1, m2 and
m3 at the unstable point. Here, tC is a non-dimensional value of
concentration C and represents the volumetric change caused by
solvent swelling (Eq. (6)). The buckling patterns of Models m1,
m2 and m3 are clearly different. The buckling pattern of Model
m1 (the perfect model) shows that the four holes are not deformed
into elliptical slits but into identical lozenges (Fig. 6a). Therefore,
the perfect model is not capable of reproducing the diamond plate
pattern, which may be captured if eigenvalue analyses are per-
formed (Bertoldi et al., 2008). In contrast, in the buckling patternFig. 5. Macroscopic stress as a function of the average deviation from roundness of
each hole for Models m1–m3 (2  2 unit cells).of Model m2, all of the holes are deformed into elliptical slits that
are arranged to form the diamond plate pattern (Fig. 6b). The buck-
ling pattern of Model m3 is also characteristic, and consists of two
lozenge holes and two elliptic ones (Fig. 6c).
The results obtained for Models m1, m2 and m3 indicate that
buckling patterns are sensitive to geometrical imperfections. Fur-
thermore, the diamond plate pattern predicted by Model m2 is re-
garded as the dominant buckling mode because the magnitude of
the maximum stress and the value of the external chemical poten-
tial at the unstable point are smaller than those of Models m1 and
m3. Thus, our simulation results match the fact that the diamond
plate pattern is observed in experiments, and are consistent with
the results obtained by Hong et al. (2009), as described in Section 1.
Incidentally, Hong et al. (2009) most likely used a larger imperfec-
tion magnitude of a  0:05 > 0:01.
Fig. 6 also shows that the inhomogeneous theory (Hong et al.,
2009) has the ability to reproduce the effect of internal stresses
on swelling (Treloar, 1975). The distribution of tC is not homoge-
neous and has a characteristic gradient around the holes deformed
into elliptical slits. However, the concentration difference is very
small, for example, tC = 0.5730–0.5747 in Fig. 6b, so the effect of
inhomogeneous swelling is small in this study. This effect is ex-
pected to become more apparent if the analysis is performed be-
yond the unstable point.
Further analysis beyond the unstable point may need the arc-
length method to be implemented on the plane of chemical poten-
tial and generalized displacement, as stated by Hong et al. (2009).
It may be also effective to reﬁne ﬁnite element meshes in high
strain gradient regions (Kang and Huang, 2010). For further analy-
sis to be successfully performed, the self contact of each hole will
have to be considered. However, here we detected the pattern
transformation by investigating the deformed conﬁgurations at
the unstable point and the values of the maximum stress and devi-
ation from roundness, as shown in Figs. 4–6. Further analysis is not
performed in this study.
4.2. Results for random models (2  2 unit cells)
The responses of Random models r1–r10 are fundamentally
identical to those of Models m1–m3. The average deviation from
roundness starts to increase considerably immediately before the
macroscopic stress level reaches the maximum stress, as shown
in Fig. 7. It should be noted that all Random models except for r6
exhibit almost the same maximum stress, while that of r6 is clearly
different. This suggests that two different types of buckling pat-
terns are captured by Random models r1–r10.
Fig. 8 compares the maximum stresses for Random models r1–
r10 with those for Models m1–m3, in which the maximum stresses
can be approximately regarded as the onset stresses of pattern
transformation. The buckling pattern of Random model r6 is cate-
gorized with that of Model m3, while the others are grouped with
that of Model m2. This segregation is demonstrated by checking
the deformed conﬁgurations at the unstable point. Fig. 9 shows
the deformed conﬁgurations of Random models r1 and r6. The
buckling pattern of Random model r1 (Fig. 9a) is basically identical
to that of Model m2, although small perturbations that depend on
randomness are observed. All Random models except for r6
showed the same buckling pattern as that of Model m2; i.e., the
diamond plate pattern. In contrast, the buckling pattern of Random
model r6 (Fig. 9b) is identical to that of Model m3.
The simulation results obtained for Models m1–m3 and Ran-
dom models r1–r10 indicate that the diamond plate pattern
(Figs. 6b and 9a) is the dominant buckling mode for the gel ﬁlms
with holes in a square array analyzed in this study. However,
other buckling patterns (Figs. 6a, 6c and 9b) can occur depend-
ing on the set of random imperfections. This point is not consis-
Fig. 6. Deformed conﬁgurations and normalized concentration distributions tC at unstable point; Models (a) m1, (b) m2 and (c) m3 (2  2 unit cells).
Fig. 7. Macroscopic stress as a function of the average deviation from roundness of
each hole for Random models r1–r10 (2  2 unit cells).
Fig. 8. Maximum macroscopic stresses for Random models r1–r10 (2  2 unit
cells).
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pattern appears over broad regions, independent of random geo-
metrical imperfections. This inconsistency may be caused by our
use of the periodic unit of 2  2 unit cells. The periodic
arrangement of this small unit results in introduction of
periodic geometrical imperfections. Therefore, the periodic unit
of 2  2 unit cells may provide an artiﬁcial result and be too
small to give a reasonable explanation for the homogeneous
transformation into the diamond plate pattern. To conﬁrm thishypothesis, we analyzed larger periodic units consisting of
10  10 unit cells.
4.3. Results for random models (10  10 unit cells)
Fig. 10 shows the maximum stresses obtained by analyzing
Random models R1–R10 (10  10 unit cells). All values are almost
equivalent to the maximum stress of Model m2, so all Random
Fig. 9. Deformed conﬁgurations and normalized concentration distributions tC at unstable point; Random models (a) r1 and (b) r6 (2  2 unit cells).
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the transformation into the diamond plate pattern. As examples,
the deformed conﬁgurations of Random models R8 and R10 at
the unstable point are depicted in Fig. 11. The diamond plate pat-
tern forms over the entire region of the periodic unit. In Random
models R1–R10, inhomogeneous imperfections seem to play an
important role in inducing the homogeneous transformation into
the diamond plate pattern, and do not allow different buckling pat-
terns to form globally or locally.
To understand the role of inhomogeneous imperfections in the
homogeneous transformation of the gel ﬁlms, the deformation pro-
cess of Random model R10 is focused on. Fig. 12a plots the macro-
scopic stress as a function of the average deviation from roundness.
The same relation obtained for Model m2 is also plotted for com-
parison. As described in Section 4.1, Model m2 is the periodic unit
of 2  2 unit cells that results in the diamond plate pattern. Fig. 12a
shows that the stress levels characterizing the progress of pattern
transformation are identical but the process to arrive at the maxi-
mum stress differs between the two models. The deformed conﬁg-
urations at states (i), (ii) and (iii) represented in Fig. 12a are shown
in Fig. 12b, c and d, respectively. State (i) is an early state that ini-
tiates pattern transformation, and the diamond plate pattern is
found in localized areas along the lateral boundaries of the periodic
unit. It is reasonable to ﬁnd the diamond plate pattern in limited
areas because the stress level of this state has the potential to in-
duce the transformation into the diamond plate pattern for Model
m2 (Fig. 6b). In contrast, different buckling patterns (Fig. 6a and c)Fig. 10. Maximum macroscopic stresses for Random models R1–R10 (10  10 unit
cells).are less likely to form because the stress level is smaller than the
stresses needed to cause the transformation into these patterns
(see Fig. 10). When Fig. 12b is compared with Fig. 12c and d, the
areas transformed into the diamond plate pattern are found to be
propagated from the lateral surfaces to the center of the periodic
unit. The pattern formation that started locally ﬁnally becomes
homogeneous as the average deviation of roundness increases.
Thus, the homogeneous transformation into the diamond plate
pattern is a consequence of propagation of locally induced dia-
mond plate patterns. This mechanism was also conﬁrmed for Ran-
dom models R1–R9.
The results obtained here provide the following conclusions.
First of all, buckling is induced in local areas that depend on the
randomness of imperfections. The buckling pattern is the diamond
plate pattern because this pattern occurs at lower stress level than
the other potential patterns. The local areas transformed into the
diamond plate pattern assist the neighboring areas to induce buck-
ling into the same pattern, resulting in propagation of the diamond
plate pattern. The stress level does not increase during the propa-
gation, so the different buckling patterns that need much higher
stress levels cannot form or prevent the homogeneous transforma-
tion into the diamond plate pattern. This mechanism can apply to
larger periodic units than 10  10 unit cells, and readily explains
the homogeneous transformation observed in experiments (Zhang
et al., 2008).
5. Domain wall formation
Zhang et al. (2008) experimentally observed a domain wall
through which the diamond plate pattern of swelling-induced
buckling had an out-of-phase periodicity. This phenomenon is
attributable to such geometrical imperfections that compel the
diamond plate pattern to have an out-of-phase periodicity through
the domain wall. As an example, we consider a simple model, Mod-
el DW, illustrated in Fig. 13, in which two holes have a geometrical
imperfection of a = 0.01 and h = 90 in a periodic unit consisting of
10  10 unit cells. These two holes are apart from each other by an
odd number of holes in the x1-direction. The two holes are, thus,
located at out-of-phase positions in the x1-direction so as to form
domain walls in the periodic unit.
Fig. 14 shows the results obtained by performing ﬁnite element
analysis using Model DW mentioned above. The material parame-
ters and boundary conditions used for Model DW are the same as
those for Random model R1–R10 (see Sections 2 and 3). As seen
from the ﬁgure, the diamond plate pattern starts from the two
Fig. 11. Deformed conﬁgurations (displacement 2) and normalized concentration distributions tC at unstable point; Randommodels (a) R8 and (b) R10 (10  10 unit cells).
Fig. 12. Deformation process of homogeneous transformation into the diamond plate pattern using Random model R10 (10  10 unit cells); (a) macroscopic stress as a
function of the average deviation from roundness, and (b), (c) and (d) deformed conﬁgurations (displacement 2) and normalized concentration distributions tC at states (i),
(ii) and (iii), respectively.
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cially in the x1-direction to form domain walls in the periodic unit(Fig. 14c and d). This inhomogeneous development is in contrast to
those depicted in Fig. 11 for Random models R8 and R10, which
Fig. 13. Initial conﬁguration and ﬁnite element meshes for Model DW (10  10 unit
cells).
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mond plate pattern.
The domain wall formation shown in Fig. 14 is based on a sim-
ple model, in which two holes have the same imperfection and are
located at out-of-phase positions in the x1-direction in a periodicFig. 14. Deformation process of domain wall formation using Model DW (10  10 unit ce
deformed conﬁgurations (displacement 2) at state (i), in which asterisk (⁄) denote
(displacement 2) and normalized concentration distributions tC at states (ii) and (iii),unit, as described in the above. It is worth performing further anal-
ysis for demonstrating domain wall formation in more general
cases using larger periodic units.
6. Summary
In this study, we investigated the effect of geometrical imper-
fections on the swelling-induced buckling patterns in gel ﬁlms
with a square lattice of holes using the inhomogeneous ﬁeld theory
for polymeric gels (Hong et al., 2009). Periodic units consisting of
2  2 and 10  10 unit cells were analyzed under a generalized
plane strain assumption. Geometrical imperfections were intro-
duced by modeling individual holes as randomly oriented elliptical
holes. The main ﬁndings from this study are as follows.
Analysis of the small periodic unit (2  2 unit cells) gave three
different buckling patterns including the diamond plate pattern.
It was shown that the resulting buckling patterns were sensitive
to geometrical imperfections, and the perfect model was not capa-
ble of reproducing the diamond plate pattern. Furthermore, the
stress level inducing the diamond plate pattern was found to be
smaller than those required to form other buckling patterns. There-
fore, the diamond plate pattern is the dominant buckling pattern.
Next, analysis of the large periodic unit (10  10 unit cells) suc-
cessfully reproduced the homogeneous transformation into the
diamond plate pattern in all random cases. It was found that buck-
ling to form the diamond plate pattern starts locally in the periodiclls); (a) macroscopic stress as a function of the average deviation from roundness, (b)
s two holes with initial imperfections, and (c) and (d) deformed conﬁgurations
respectively.
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achieved. It was demonstrated that this propagation progresses
under a constant stress level that is lower than those needed to in-
duce the different buckling patterns. As a result, the other buckling
patterns have no chance to appear and cannot prevent the homo-
geneous transformation into the diamond plate pattern. This
mechanism provides an excellent explanation for the appearance
of the diamond plate pattern in experiments. These results lead
us to the conclusion that inhomogeneous imperfections play an
important role in the homogeneous transformation of gel ﬁlms into
the diamond plate pattern. In addition, the domain wall formation
observed by Zhang et al. (2008) was considered for simulation
using a 10  10 unit cell model, which had two elliptic holes as
geometrical imperfections to cause domain walls.
The above-mentioned ﬁndings may provide researchers the fol-
lowing possibilities. In the experimental point of view, researchers
may control the resulting buckling patterns by controlling geomet-
rical imperfections. It would be valuable to explore this possibility
experimentally. Then, in the theoretical point of view, it may be
worth examining a possibility that other theories may predict
the diamond plate pattern in the absence of geometrical imperfec-
tions. In these examinations, researchers may employ advanced
free energy functions based on phenomenological theories (e.g.,
Treloar, 1975; Boyce and Arruda, 2001; Bitoh et al., 2010) or cou-
pled theories of diffusion and large deformation for polymeric gels
(e.g., Hong et al., 2008; Chester and Anand, 2010).
As already stated, the domain wall formation observed by
Zhang et al. (2008) was tried for simulation in a simple case using
a 10  10 unit cell model in Section 5. It is worth demonstrating
domain wall formation in more general cases using larger periodic
units. They further observed that prestrains before swelling af-
fected swelling-induced buckling patterns, i.e., three buckling pat-
terns, including the diamond plate pattern, appeared depending on
prestrains. It is expected that the three buckling patterns depend-
ing on prestrains can be predicted by considering geometrical
imperfections of circular holes similarly to the present study.
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